Let F be a number field. We investigate the group of Rubin's special units, S F defined over F.
Introduction
Let p be an odd prime and p be a fixed primitive pth root of unity. Let F := Q( p + the ideal class group of F and let C F be the group of cyclotomic units of F. Rubin defines the group of special units S F in [6] . The definition of special unit is given in the next section. The group of special units is a subgroup of the group of global units containing the group of cyclotomic units of F. The special units give rise to annihilators of certain subquotients of the ideal class group of F (cf. [6] ). The motivation for this paper is the following remark given in [6] .
Is the group of special units S F equal to the group of cyclotomic units C F ?
The answer to this question is no in general, and this has been known since Kolyvagin. He introduced the idea of Euler Systems which has the special units as its first step. Euler systems and Iwasawa theory have also played an important role in solving a variety of other classical problems in number theory (cf. [2, 4, 8] ).
We want to relate Rubin's question to a question about the connection between the group structures of the ideal class group and various quotients of the (group of) special units. In order for this we will define a sequence of subgroups S n K of the group of global units E K of any real abelian field K which lie between Rubin's special units and the circular units C K of K.
By the class number formula, this sequence must terminate for some non-negative integer N,
A conjecture of Coleman implies that S ∞ K is the group of circular units of K, S ∞ K = C K . In fact the conjecture of Coleman contains more information than the above implication. We will not cover Coleman's conjecture in this paper even though there is a strong connection between special units and Coleman's conjecture. We refer the reader to [1, 9, 10] for the details. If we assume that Coleman's conjecture is true then we can see that the orders of Cl F and n 0 
The purpose of this note is to study the question given above using standard techniques of Euler systems. We state the main theorem. 
From Theorem A, we obtain the following corollary.
Corollary. For each ∈ , we have
Kolyvagin proves an equivalent form of Theorem A in Theorem 7 of [3] , where Kolyvagin states Cl F in terms of weights of certain sets. This result is known to experts, but as far as we know is not written down except possibly in an overly complicated way in Kolyvagin's paper. We prove Theorem A using results of Thaine and Rubin.
Special units
We define special units of level n following Rubin. Let L be an abelian extension of a fixed number field K containing the Hilbert class field of K. (Note that K is any number field.) Let K be the set of all non-archimedean valuations of K. For a finite subset S of K , we let K (S) be the subset of all non-archimedean valuations of K not in S and let J L/K,n (S) be the subset of fractional ideals a = i p i such that each prime ideal p i dividing a has absolute degree 1 and splits completely in L and the number of primes dividing a is less than n + 1.
For each prime ideal q and fractional ideal a in J L/K,n (S), we let K(q) = the ray class field of K modulo q,
Following Rubin's definition (cf. [6] ) of special numbers, we define the special numbers 
The main result of [10] asserts that S ∞ L is essentially equal to the cyclotomic units C L .
Theorem 2.1. Let p be an odd prime. If
Proof. See Theorem A of [10] .
We denote the smallest such integer by
for all i 0. We want to determine the invariant N (L) for various fields L. In particular, it follows from Theorem 2.1 that the question in [6] is essentially whether N(Q( p + −1
Lemma 2.2. Under the assumption of Theorem 2.1, we have
Proof. It follows from Theorem 2.1 and the class number formula that
Now we are ready to generalize Theorem A in the following form. Let Z denote either Z or the subring of Q generated over Z by 2 −1 , according as pr is divisible at most by two distinct primes or not.
Remark. The question is equivalent to the assertion that for all odd prime p, Cl L and
One could generalize Theorem A to L, and see Theorem 3.2 for the precise statement. However, the computation of the least exponent of Cl L would require more calculations. One could follow the method of Thaine in [12] .
In the next section, we will briefly recall the definition of Euler systems of Kolyvagin and Rubin. We give a relation of special units and Euler systems. One can define an Euler system as a Galois equivariant map from J L (S) := ∞ n=1 J L/Q,n (S) to an algebraic closure of L satisfying the axioms of Section 3. Let E L := E L () be the set of all Euler systems of L as defined in Section 3. Each Euler system ∈ E L produces an element in the intersection of the special numbers of level n,
Proof of Theorem A
We begin with the definition of Euler systems of Kolyvagin and Rubin (cf. [7] ). Let K be a totally real abelian number field of conductor t. Let J (t) be the set of positive square free integers divisible only by primes ≡ 1 (mod t). Given any finite subset S of N, we denote J K (S) := J (t)\S. An Euler system for K is a function : J K (S) −→ Q with the following properties:
• Proof. This theorem can be proved using Rubin's argument of Euler systems. We give here a sketch of the proof. If Cl F satisfies the assumption then one can choose a special unit in S m F such that the cardinality |Cl F | divides the cardinality (E F /S m F ) for all irreducible Z p -characters of from Euler system arguments. Then it follows from the class number formula and the inclusion C F ⊂ S m F that S r F = C F , for all r m. For the details we refer to Chapter 2 of Rubin's book [7] .
Next we extend Theorem 3.1 to high special units. Given ∈ if we assume that Cl F is a cyclic group then using the argument of Rubin's Euler systems (cf. [7] ) we obtain S F = C F under a condition on the degree of the field extension. Conversely Thaine (cf. [12] ) found the exponent of an ideal class in terms of the order of the group of units modulo the special units. By putting these two arguments together we are led to the following theorem. As in the introduction we write the -part (Cl F ) of the ideal class group of F as (Cl F ) ∼ = 
Proof. We know from the arguments of Euler systems (cf. Section 2 of [7] ) that any subgroup of Cl generated by k-elements has order dividing [(S From the class number formula (Gras' conjecture) the last divisibility becomes equality and hence
. . . Remark. Note that the left-hand side of the first inequality in the above theorem is the quantity N(F ) defined on page 4,
Next we show that |(E F /S 1 F ) | is the least exponent of Cl F . Let B ∈ Cl F and let q ∈ B be a prime ideal above a rational prime q, q ≡ 1 mod p. We recall the definition of the special unit for q given by Thaine in [12] . A special unit S F,q for q is any element ∈ E F with the following property. There exists an element ∈ F ( q ), N F ( q )/F ( ) = 1 and ≡ mod ( q − 1). Note that the definition of special unit S F,q is not exactly equal to that of Thaine in [12] and that the difference of these definitions has no effect in our arguments. The following theorem is Theorem 1 of Thaine in [12] .
Theorem 3.3 (Thaine [12]). Let p be an odd prime. Let be a generator of (E F /C F ) .
If k is the smallest integer such that p k is a special unit for q, then p k is the order of B.
Proof. See the proof of Theorem 1 of Thaine in [12] .
It is well known that E F /C F is a cyclic group which can be proved by direct computations (cf. [13] In the first ⇐⇒, we used the fact that E F /C F is a cyclic group. Since theseeigenspaces have the same cardinality, this completes the proof.
